In this paper the title problem is studied by using Reissner's transverse shear theory. The main purpose of the paper is to investigate the effect of stress-free boundaries on the stress intensity factors in plates under bending. Among the results found, particularly interesting are those relating to the limiting cases of the crack geometries. The numerical results are given for a single internal crack, two collinear cracks, and two edge cracks. Also studied is the effect of Poisson's ratio on the stress intensity factors.
Introduction
In many relatively thin-walled plate and shell structures through cracks may develop as a result of cyclic loading. To analyze this fatigue crack propagation process the stress intensity factor calculated from the elastic analysis of the structure appears to be the most widely used correlation parameter representing the severity of part-flaw geometry and the intensity of applied loads. In plates containing through cracks and subjected to membrane loading only, usually the solution obtained by ignoring local three-dimensional effects and by assuming the validity of conditions of the generalized plane stress seems to be quite adequate. Partly because of the practical importance of the problem of plates under membrane loading and partly because of the relative simplicity of the related elasticity problems, the two-dimensional crack problems have been studied very extensively. Even though in many applications the bending components of the external loads are also present, as in, (*)This work was supported by NSF under the Grant ENG 78-09737 and by NASALangley under the Grant NGR 39-007-011.
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for example, transversely loaded plates and structures undergoing flow-induced vibrations, the solution of the plate bending problem seems to have been carried out only for an infinite plat~ [1] - [5] . These studies have demonstrated the importance of transverse shear effects on the stress intensity factors and have shown that the bending results are sufficiently different from the plane stress results •. It is, therefore, worthwhile to investigate the influence of finite in-plane dimensions, particularly that of stress-free edges -on the stress intensity factors in plates undergoing bending. The problem considered in this paper is a relatively long rectangular plate containing collinear cracks perpendicular to its long sides. Of particular interest is the investigation of the edge cracks and crack-free boundary interaction. As in [1] - [4] the external loads are assumed to by symmetric with respect to the plane of the crack and a transverse shear theory [6J, [7J is used to formulate the problem.
The Formulation of Bending Problem
Consider a relatively long flat plate of fini~e width which contains symmetrically located collinear cracks perpendicular to its sides ( Figure 1 ).
It is assumed that x2 = 0 is a plane of symmetry with respect to loading and geometry and the problem in the absence of cracks has been solved under the given applied loads. Thus, through a proper superposition the crack problem may be reduced to a stress perturbation problem in which the self-equilibrating crack surface tractions are the only external loads. Also, it is assumed that the plate is acted upon by a sufficiently'large tensile membrane load so that there is no crack surface interference (on the compression side) in the bending problem. Thus, the results given in this paper should be considered together with the solution given in [8] where the corresponding generalized plane stress problem was studied for the same crack geometry as Figure 1 .
By using the Reissner's transverse shear theory, the basic equations for elastic plates under bending may be expressed as follows (see, for example, [9] for the general case):
(6)
The dimensionless quantities which appear in (1)- (9) are defined in Appendix ,
A. The dimensions are given in Figure 1 . In the usual notation Mij and Vi;! (i,j = 1, 2) are the bendingJand the transverse shear resultants 131 and 13 2 are the components of the rotation vector, u 1 , u 2 , and u 3 are the components of the displacement vector, and a* is a length parameter representing the crack size (a* = a for c > 0, d ~ b, a* = d for c = 0, d < b, ·Figure 1).
As in the corresponding plane stress problem [8] , here it is assumed that xl = 0 is a plane symmetry. Thus, in the perturbation problem under consideration the solution of the differential equations By substituting from (10)- (12) into (4)- (9) the components of rotation, the moment resultants and transverse shear resultants are found to be 00 _ 10(a*)2
Because of the assumed symmetry, it is sUfficient to consider the problem for ° ~ xl < b, ° ~ x 2 < ex> only. Thus, referring to Figure 1 , the boundary and symmetry conditions of the problem may be expressed as follows: 
MXY
where the normalized length parameters are defined by
From the expressions (14), (18) and (19) it may be seen that the (symmetry) conditions (15) are identically satisfied, By using the five homogeneous conditions (22) and (24) (18) and (19) the boundary conditions (22) may be reduced to
Equations (30)- (34) indicate that all of the unknowns in the problem can be expressed in terms of the new unknown function f(t). It is also seen that all of the boundary conditions (22) (17) into (25). From the formulation of the problem one may observe that the unknown functions A" A2 and B, refer to the lIinfinite" plate and should give the kernel found in [4] . Indeed, after some simple manipulations it may be shown that
where K2 is the modified Bessel func~ion of the second kind. By solving (32)-(34) for C l , C 2 and B2 and by substituting into (35) we find
ct.
where the Fredholm kernel k{x,t) is given by
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If the cracks are internal cracks as shown in Figure 1 , then from (26) and (29) it follows that d '
Thus, the integral equation (36) must be solved under the additional condition
From the following asymptotic behavior of K 2
it may be shown that the kernel of the integral equation (36) has only a Cauchy type singul arity. Hence, the so 1 ution is of the fonn-
and the bounded function F(t) may be obtained by using the numerical method described, for example, in [10] .
If the plate contains a single symmetrically located crack, i.e., for c=O, d<b (see Figures 1 and 3) , by using the symmetry of the problem and by observing that f(t) = -f(-t), (36),(41), and (43) may be epxressed as
where a* = d is used for the normaiizing length parameter. (Appendix A).
The Stress Intensity Factors
In the symmetric plate problem under consideration the bending component of the Mode I stress intensity factor at the crack tips is defined by (Figure 1 )
Let ab be a stress amplitude calculated on the plate surface and used for normalizing the stress intensity factors. For example, in a plate subjected to uniform bending M22 = Mo away from the crack region (49) The stress intensity factors are then normalized with respect to ablciF. If the stress intensity factors on the plate surface are defined by (50) . it is sufficient to calculate k(c) and ked) in terms of which we have (51) 
From (43) and (51) 
where k, is the Mode I stress intensity factor, ~ is the shear modulus, KO = 4-3" for plane strain and KO = (3-,,)/(l+v) for the generalized plane stress.
In the symmetric bending problem under consideration the crack surface displacement is given by
From (48), (53) and (55)- (57) it may be observed that the results found from the solution of the plane elasticity and the bend"ing problems given by (53) and (55) are identical provided KO is selected as (3-,,)/(1+,,), (i~e., if the value for plane stress rather than for plane strain is used for K O ). Also, -12-as shown in [9] and [llJ the transverse shear theory used in the present analysis gives an angular distribution for the asymptotic stress state around the crack tip which is identical to that found for the plane elasticity problem.
The Edge Cracks
An important special case of the problem described in Figure 1 is the edge cracks for which d=b and c>O. In this case as x and t approach the end point d'=b ' simultaneously the kernel k(x,t) given by (37) becomes unbounded and consequently influences the si ngular nature of Jh~ ~ol ution. Since the integrand in (37) is bounded in any finite interval in 0 ~ a < co, the unbounded terms in k(x,t) will be due to the asymptotic behavior of the integrand. Thus, by separating the asymptotic part of the integrand, (37) may be expressed as co co
The first integral in (58) is bounded and the second may be evaluated in closed form. After a somewhat lengthy analysis similar to that described in [8] we obtain
o One may note that ks(x,t) given by (59) is identical to that found for the plane edge crack problem given in [8] and, together with the Cauchy kernel l/(t-x), constitutes a generalized Cauchy kernel.
Referring to the definition of f(t) given by (29) and the boundary condition (26), it is seen that the condition (41) is not val id for the edge crack and, as pointed out in [8] , is not needed for the solution of the integral equation (36). In this case the generalized Cauchy kernel kg(x,t) = l/(t-x) + ks(x,t) has the property that_ kg(x,b ' ) = 0, kg(b',t) =·0, and f{-t) is nonsingular at t=b ' . Thu.s, the numerical solution of the problem is obtained by letting
Results and Discussion
The problem is solved for three crack geometries shown in Figures 1,   3 and 4 and for a uniform bending moment M22 = Mo (per unit plate width) away from the crack region. The results for a symmetrically located internal crack of length 2d are given in Tables 1-3 (see the insert in Figure 3 ). Since the problem has three length parameters, namely h, band d, the results depend on two dimensionless length constants. Table 1 shows the normalized stress intensity factor as a function of bid for fixed values of b/h. One may note that, as expected for (b/d) + 1 the stress intensity factor becomes unbounded. Also, for fixed plate dimensions band h in the other limiting case of d + a the stress intensity ratio is seen to approach unity, which is the result given by the plane elasticity solution for an infinite medium with a through crack. These trends are clearly observed in Figure 2 In bending problem the kernel of the integral equation is a function of the Poisson's ratio v. Therefore, unlike the plane elasticity problems the stress intensity factors in bending are dependent on v. Most of the results given in this paper have been calculated for v = 0.3. However, to show the influence of v on the stress intensity factors, for a central crack and for two edge cracks the results are also given for v'= 0, 0.2, and 0.5. Table 2 shows the results for the internal crack. It is seen that the stress intensity factor slightly increases with increasing Poisson's ratio. Table 3 . Stress intensity factor vs. width-to-crack length ratio in a plate containing a single crack and subjected to uniform bending, (v=0.3, Fig. 1, c=O) . Table 3 shows the effect of bId ratio on ked) for d/h = 1. Again, as b+d ked) becomes unbounded, and as b -+ 00 ked) is seen to approach the infinite plate result given in [4] . To give some idea about the distribution of the stresses in the plate, the bending moment M 22 {xl'0) = M(x) is given in Figure 3 . The resul tis obtained from (44) which shows that the moment is -Mo for 0 ~ xl < d, and has a singulari~y at xl = d + 0, The figure indicates that M22 is a monotonically decreasing function of xl' Some results for collinear cracks shown in Figure 1 are given in Table 4 . One set of results shows the stress intensity factors for fixed crack and plate dimensions and for varying crack location. The other set of results shows the effect of crack length for a fixed crack location (as determined by its midpoint). As c ~ 0 or 2a/(c+d) ~ 1 it is seen that k(c) becomes unbounded which is expected. The somewhat unusual result in this case is the steep rise of ked) to 'the single central crack value as c ~ O. As pointed out in [4] , a smooth continuation of ked) as c ~ 0 would correspond to the "pinched" crack solution -the steep rise in ked) being the result of the relaxation of the crack surface rotation 8 64) meaning that for c ~ 0 the approach of ked) to the single crack value is very steep. In (63) K and E are the complete elliptic integrals of first and second kind, respectively.
The results for the edge cracks are shown in Tables 5 and 6 and in Figure 4 . Table 5 and Figure 4 also show the results obtained from the plane elasticity problem for the identical crack geometry. The effect of the Poisson's ratio on the stress intensity factor in the plate under bending ;s shown in Table 6 .
-17- 1 oca ted colli nea r cracks and subj ected to un i fonn bend i ng, ( The results given in the tables are self-explanatory. It should, however, be emphasized that (a) the stress intensity factor for the plate under bending increases with decreasing b/h ratio, The stress intensity factor in a plate of finite width containing. a symmetrically located singl e internal through c"rack whiCh is 
